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Abstract: In a single decaying system, the age determined from the exponential decay law is directly
related to its linear Maclaurin approximation. This relationship can be additively extended to several
decaying systems resulting in the same daughter element, by using proportionality functions, thus al-
lowing an explicit formulation of the age as a function of element concentrations. The values of the
binary proportionality function for the ***U-**U-Pb system and the ternary proportionality function
for the ***Th-238U->°U-Pb system were determined by iterations of the exponential decay formula up
to 4 Ga, with a step of 10 Ma, for a set of 24 different U/Th ratios. From the iteration data, the expres-
sions of the two functions and the associated coefficients were determined by polynomial regression
and mathematical programing on conveniently separated time and compositional intervals.

Additional time- and composition-dependent age corrections optimized by mathematical program-
ming of the residuals lead to an accuracy of 0.005 Ma of the resulting age. The error propagation can
be traced through all the operations defined by explicit formulas according to simple error propaga-
tion rules, finally allowing the calculation of the standard error of the result. The formulas and param-
eters derived can be used in a calculation spreadsheet.
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1. INTRODUCTORY REMARKS

Chemical U-Th-Pb geochronology has increasingly re-
vealed during the last decades its wide potential and applica-
bility (e. g. Williams et al., 2006; Suzuki and Kato, 2008).
At the present day, it is unrivalled among the geochronolog-
ical methods at least by its non-destructive nature, high
spatial resolution, truly in situ character, and low costs as
compared to isotopic methods. Microprobe analysis of met-
amorphic radioactive mineral grains not only provide accu-
rately localized analyses on the surface of a particular grain,
but also allows investigation of entire texturally referenced
populations in their original setting in the rock sample.
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The inherent drawbacks are related to the fact that a
chemical method is targeted to study isotopic systems,
which can lead to reasonable results only if some simpli-
fying assumptions about the behaviour of these systems
hold true, and the generally lower sensitivity as compared
to the isotopic methods. Even though, chemical U-Th-Pb
geochronology progressively appears to be the ideal
method applicable to metamorphic rocks, because of the
widespread and common character of the potential target
phases (especially monazite, but also brabantite, rhabdo-
phane, xenotime, thorite/huttonite), coupled with very
low diffusion rates in these phases, and consequently
extensive growth below the isotopic blocking tempera-
ture.
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The key simplifying assumptions of the method are
that all measured lead is radiogenic, or the primary lead
incorporated can be quantified during data processing,
and limited intra-crystalline diffusion occurs in the target
mineral after its formation, thereby ensuring preservation
of isotopic equilibrium. Though attempts to quantify and
compensate for common lead are noteworthy (Kato ef al.,
1999), and the corresponding pseudo-isochron approach
is actually the source of the most circulated acronym for
the method, CHIME (CHemical Isochron MEthod - Su-
zuki et al., 1991), both analyzed (Parrish, 1990) and cal-
culated (Rhede et al., 1996; Suzuki, 2009) common lead
in monazite resulted to be insignificant when compared to
radiogenic Pb. On the other hand, diffusion rates in the
monazite structure are extremely low, corresponding to
very high blocking temperatures (Cherniak et al., 2004).
Resetting of the original monazite composition may oc-
cur, however, during subsequent fluid-driven corrosion,
infiltration and dissolution-reprecipitation (Bosse et al.,
2009). In these cases, Williams et al. (2011) notice that
fluid-aided alteration of monazite results in complete
resetting of the isotopic system, with total removal of Pb
from the monazite lattice.

The intrinsic difficulties in measuring trace-elements
with the microprobe raise several precision and accuracy
issues. Since the early years of its application (Suzuki et
al., 1991; Montel et al., 1994), various particular aspects
of the analytical technique were addressed in order to
control a large number of drawbacks and interfering fac-
tors, starting from sample contamination during prepara-
tion (Scherrer et al., 2000), matrix effect, choice of ana-
lytical conditions for an acceptable compromise between
peak-background ratio and beam-irradiation effects, as-
sessment and compensation of background levels and
acquisition interferences (Pyle et al., 2005; Jercinovic and
Williams, 2005; Jercinovic et al., 2008). The increased
knowledge resulting from such studies lead to significant
progress towards coherent work protocols (e. g. Williams
et al., 2006; Suzuki and Kato, 2008) and the application
of the method in a continuously growing number of la-
boratories world-wide, using various types of equipment
(Slagstad, 2006; Vlach, 2010). Nonetheless, the im-
portance of setting up customized working procedures,
conditions and correction factors according to the availa-
ble equipment was clearly asserted by Vlach (2010).

Element concentrations are in common use converted
to age values according to a Pb-balance equation (in
weight units) outlined by Montel ef al. (1996):
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U

where A, stands for the atomic masses of the respective
isotopes/elements, and the lead-balance equation assumes
no common lead. The above-mentioned approach has the
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advantage of being independent of the unknown atomic
mass of radiogenic lead, but its downside is that the time
value is implicit and can be derived only by iteration.
Consequently, the error propagation from analytical to
time errors in single-point analyses cannot be traced rig-
orously, allowing only estimates often with questionable
reliability. In most cases, the evaluation of the errors are
undertaken by undisclosed procedures (Montel et al.,
1996) or by empirical propagation through the iterated
formula, as currently done in several laboratories by
using calculation spreadsheets assisted by macro routines,
or even stand-alone software. More accurate, though not
largely applied assessments of the error propagation from
element concentrations to age values involve Monte Car-
lo simulation (Lisowiec, 2006; Vlach, 2010) or propaga-
tion of the errors through an explicit approximation of the
age equation by the second-order Maclaurin expansion
(Vlach, 2010). Notwithstanding significant progress
achieved by these latter approaches, they are still biased
by certain setbacks. Monte Carlo simulations deliver
reliable results, but might prove prohibitive for the un-
trained user because of the complexity of the operations
involved. On the other hand, the precision of the errors
determined by Maclaurin expansion of the age equation
significantly decline with the age of the sample, requiring
the use of increasingly difficult to handle higher-order
expansions.

Bearing in mind that in statistical handling of data, the
computed individual values, including their errors, should
be as precise and clearly defined as possible, error han-
dling based on explicit equations and complying with the
error propagation rules qualify as the best option for
characterizing age populations. An alternative approach,
based on repeated measurements on a compositional
domain assumed to be homogeneous, the “bottom-up”
analysis of Williams et al. (2006), calculation of the aver-
age and subsequent statistical handling of the entire popu-
lation, appears to be affected by the actual degree of
homogeneity of the selected domain, and the number of
measurements (Lisowiec, 2006).

In order to overcome these difficulties and allow a
straightforward estimation of the errors associated to
single-point analyses, an alternative procedure is outlined
hereinafter, according to which an explicit expression of
the age equation is derived, based on correction functions
applied to the first-order Maclaurin expansion. The pa-
rameters of these functions are constrained from multiple
regression and mathematical programming of precise
iteration data, and the associated errors are calculated by
stepwise propagation through explicit formulations, from
microprobe data to age values. A preliminary account of
the method was given in Sabau (2009).

Approximating age values from indirect measure-
ments like chemical or dosimetric analyses by using em-
pirical formulations and correction factors in explicit
expressions has represented a common procedure since
the beginning of isotopic geochronology (Geyh and
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Schleicher, 1990, and refs. therein); the precision and
range of the formulae was limited by the number of the
coefficients used, in such a way that higher precision and
wider ranges would result in fastidious calculations. Au-
tomatic calculus, on the other hand, allows the determina-
tion and storage of as large a number of parameters as
required to obtain the desired precision, which are to be
derived only once and then used as such every time need-
ed. Consequently, the derivation and refinement of the
correction functions and parameters, associated with the
explicit calculation of the U-Th-Pb radiogenic ages from
measured element concentrations and associated errors
was aimed to a precision level of 0.005 Ma, up to 4 Ga,
comparable to that obtained by iteration of the (radiogen-
ic) lead-balance equation of Montel ef al. (1996).

2. THE APPROXIMATION OF THE AGE FOR-
MULA

Radioactive decay of radionuclides follows the expo-
nential decay law, stating that the number of elements of
a population undergoing an irreversible transition de-
creases at any moment by a quantity equalling the num-
ber of elements in the population multiplied by a constant
related to the probability of that transition to spontane-
ously occur in the population:

aN _ N @.1)
dt

In terms of radioactive decay, V is the number of at-
oms of the parent isotope, A the decay constant, and ¢ is

time. By rearranging and integrating this expression,

N dN t
—=-A|dt, 2.2
N [ 2.2)
one obtains:
ln(Nj =-At. (2.3)
N,

Because N, the initial number of parent atoms, equals the
sum of the parent (V) and daughter atoms (/Np), this ex-
pression becomes e = Np/N + 1. A Maclaurin series
expansion of the function e truncated after the second
term renders e = 1+At;, where the subscript index indi-
cates the first-order Maclaurin approximation. Equalling

,_ 137885, In(f, + 10° Ayggt,) / Ay + In(1+10° Aygst,) / A
10°(137.88 1, +1)
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the two e formulations results in

1N,
t,=——L 2.4
TN (2.4)
equivalent to Np = ANt;. Under the crude assumption of
matching #; values in independent decay systems leading

to the same daughter-element (Pb),

_ 1 Ny,

t = AN (2.5)
Np =D Np=t,D AN, (2.6)
the time approximation becomes
N

t = ZTI,)N, , 2.7
which yields
SRETIT 37122/?283:3 f ) U @8)
for the U-Pb and

10°Pb 2.9)

t, =
U Dy T+ (137.88 Aygg + Ay YU /138.88

for the U-Th-Pb system, elements expressed in atomic
proportions, ages in Ma, and natural isotopic ratio of
uranium according to Shields (1960).

The actual time value # can be written as a direct func-
tion of the approximated #; value in any individual decay
system: ¢ = In(1+Ai#;)/A;. In a composite system with two
or more parent isotopes decaying into isotopes of the
same element, the linear combination of the # vs. ¢, rela-
tionships doesn’t hold true because of distinct deviations
of individual ¢,’s, both mutual and from the ¢ value, but
may be compensated by an empirical factor applied to the
present elemental/isotopic ratios. For the U series, a pro-
portionality function fy = f{#;) may be introduced which
ensures that the combination of the two decaying systems
lie along a mixing line, fy also compensating for the pre-
vious simplifying assumption of matching #; values in
formula (2.8), which gives Equation 2.10.

Similarly, the compensation of the #-bias in the U-Th-
Pb system is achieved by employing an additional factor
futn =f(t;, U/Th), resulting in the nested Equation 2.11.

(2.10)
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In order to calculate the age with equations (2.11) or
(2.10), the two proportionality functions introduced
above have to be calculated in connection with ¢; values
calculated with equations (2.9) or (2.8), respectively. The
fy function of argument ¢, was calculated using a Mi-
crosoft Excel spreadsheet, its in-built formula editor, and
the Excel 4 macro language. The decay constants and
their uncertainties are those recommended in Steiger and
Jager (1977), taken from Jaffey et al. (1971) and Le Roux
and Glendenin (1963). The ¢ approximated ages were
calculated for 10 Ma intervals according to formula (2.8)
by iteratively modifying the U/Pb ratios; the obtained
ratios were then used to calculate the ¢ value correspond-
ing to each #, value by iteratively zeroing out the expres-
sion

137.88¢"238+¢"35.138 88[1+1/(U/Pb)]. (2.12)

The iterations were performed with a macro routine in
two successive precision steps until the residuals attained
minimum absolute values or equalled zero. No con-
straints were exerted on the precision of the calculated
values, using the nominal values of the Excel sheet (15
digits display, precision 10°). The residuals of the itera-
tions were typically below detection, but not exceeding
3-107" for the expression iterated to derive ¢ The differ-

ence between the ¢ values and the corresponding expres-
sion (2.10) were then zeroed out by iterating fy, in each
equidistant #; value. The residuals of the iteration resulted
in most cases below the detection limit of the software,
with a maximum absolute value not exceeding 2.33-107"".
The fy values thus obtained were regressed against #; up
to the value corresponding to t =4 Ga, #; =~ 7560 Ma. The
t, interval was divided in four domains by a trial and error
procedure and the fy; function regressed to a fourth-order
polynomial for each interval, yielding the regression
coefficients and residuals in Fig. 1.

In a similar manner, the U/Pb ratios were calculated by
iteration for 25 particular U/Th ratios (Fig. 2) and 10 Ma ¢,
intervals up to t = 4Ga, by zeroing out the expression

138.88(e’2' -1)/(U/Th)+137.88¢"238+¢235
138.88[1+1/(U/Pb)].

(2.13)

The fym, values were then determined by iteratively
cancelling the difference between the age equation and
equation (2.11) for each of the U/Th ratios and ¢, values.
One may note from the graph in Fig. 2 that the coeval ages
for different U/Th ratios align along straight isochrons as
expected, and the curves for increasing U/Th ratios tend to
converge towards a limiting value. This limiting value

4.E-07 f, 0-2 Ga 2.01-4Ga | 4.01-5.5Ga | 5.51-7.56 Ga|
a‘t,’ 3.609E-17| 7.0458E-17 2.512E-17| -2.85570E-18|
3.E-07 b*t,’ -7.435E-13| -9.6493E-13| -2.45788E-13| 3.6323E-13
A A c*t’ | -2.41584E-09| -1.89138E-09| -6.20332E-09| -1.11956E-08
2. E-07 Fa¥ d*t, | -1.03705E-09| -5.33108E-07| 1.10481E-05| 2.93146E-05|
{\ \ /\ i: i 1.0000003 1.0001885 0.9884363|  0.9632637
-
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s i v | f 'RYANFANN aN
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-3.E-07 ! V
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Fig. 1. The coefficients of the polynomial regression and associated residuals obtained for the function fu(t1). Values rounded to number of digit

displayed.
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(corresponding to U/Th — o0) resulted from extrapolating
the fyr, vs. # relationship along each 10 Ma-spaced
isochron to the corresponding #; value in the pure U-Pb
system. The corresponding function 'y (#,) was derived
from polynomial regression of the individual 'y, values.
The fourth order polynomial regression coefficients and
the residuals of the fV uth function calculated on three inter-
vals are represented in Fig. 3.

fum

— UITh=5
— UTh=7
U/Th=9
— 100 Ma
300 Ma
500 Ma
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25Ga
= 3.5 Ga

0.91

0.9
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0.88

0.87

0.86

0 1000 2000 3000 4000

t, Ma

5000 6000 7000 8000

Fig. 2. The fur vs. t1 graph plotted from iteration data.

For each composition i, on the vertical line passing
through a particular #, two segments are defined, namely
the distance from the abscissa of the intersections of f'ypy,
and fV uTh respectively. The ratio of the two segments is a
reciprocal function of U/Th when real-age () values are
considered, its inverse having thus a linear variation vs.
Th/U (Fig. 4A). In terms of #, a systematic deviation
from this relationship occurs (Fig. 4B), implying the
necessity of data regression on restricted #; (and some-
times also compositional) domains. The deviations are
larger at low ¢, values because of both the position of the
points at the lower end of the Yy regression curve and
unfavourable relative vs. absolute deviations ratio, but the
quasi-reciprocal/quasi-linear relationship of the above-
mentioned ratio is maintained for each ¢, value (Fig. 4B).
In age domains strongly affected by deviations, the re-
gression of fyry, actually compensates for the errors of the
Yo regression.

For U/Th>2, up to t;, = 100 Ma, a linear relationship is
apparent in Fig. 4A between the U/Th ratio and
(1-fumm)/(1-fu1h) (= segment ratio) corresponding to each
individual #, age value, while for U/Th < 2, the Th/U ratio
bears a linear relationship to the segment ratio, which is
also maintained at older #, ages (Fig. 4B). The coeffi-
cients of the linear function

f(U/Th), = (1-fum)/(1 'fUUTh) (2.14)

were calculated for each #; value up to the intersection
with the 4 Ga isochron. By regressing the linear coeffi-
cient and intercept of the segment ratio function of U/Th

against 1/#; over the intervals U/Th>2, #<100 Ma one
obtains:

6.0E-07
4.0E-07
r 3
‘ a | £ .
- A A
2.0E-07 S x y— F I
3 A
’ 2 4L F i g -
= 0 A A A A A
- & A e
_E e 0 A 2000 4 300 A 4(%; s 5 00 000 o 8000
Y : : AA ‘ A A
-2.0E-07 T 2 A .
A
A A, A
4.0E-07 A A A4 o 0-2 Ga 2.01-449Ga | 4.5-7.56 Ga
: i‘ : a*t,’ 4.020E-18 1.3726E-17 -3.302E-18 [&
b*t,} -5.936E-14 | -1.0629E-13 | 1.94902E-13
-6.0E-07 c*t® | -2.42264E-09 | -2.36935E-09 | -4.39284E-09
d*t, | -1.62006E-09 | 4.78230E-08 | 6.16798E-06 |4
i 1.000000052 | 0.999908044 | 0.992880008
-8.0E-07
t,, Ma

Fig. 3. The coefficients of the polynomial regression and associated residuals obtained for the function fluta(t1).
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(I-fum)/(1 'fUUTh) =

(2.15)
pol;P(1/t;)-U/Th + pol, (1/1,),
equivalent to:
=1- +q)/t*+
fumn = 1-[(mU/Th+q)/t, 2.16)

(n-U/Th+r)/t,+p-U/Th+s]-(1-f%y ),

where the parameters m to s represent the coefficients of
second degree pol;” and pol,” polynomial functions

(Fig. SA, Appendix 1). In a similar way, for U/Th>2,
#,<300 Ma and U/Th>2, 100 Ma < ¢, < 300 Ma (Fig. 5B)
the double regression of the segment ratio yields:

(1 'fUUTh)/( 1-fym) =

pol,(1/8,)- Th/U + pol,(1/2,), fury =

1-(1-fPym)/ {[IAU/Th) + pl/t,*+ [m/AU/Thy+ g1/t > +
[n/U/Th) + r)/t, + 0o/ U/Th) +s},

see (Fig. 5).

2.17)
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Fig. 4. Plots of the segment ratios as a function of parent element ratios: A — at different iterated t values, B — at different approximated t1 values.
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Fig. 5. The time-dependent variation of the linear coefficients of the segment ratios: A — up to 100 Ma for U/Th = 2, B - up to 300 Ma, C — beyond

300 Ma.
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At t; values greater than 300 Ma, the variation of fyy,
is better described by:
ATWU, 1) = (1-£ym)/(1-fym) =

(2.18)
poli®(#)/(U/Th) + pol,*(#)),

fumn = 1-(1-f%um)/ {(ot,*) + (pt,”) + [IAU/Th) + q1t,* +
[m/AU/Th)+r]t; + n/(U/Th) +s}.

(2.19)

The #-dependent linear coefficient and intercept of
the U/Th ratio, up to the intersection with the t = 4 Ga
isochron, were determined by regression on three #, inter-
vals by a trial and error procedure, yielding a second
order polynomial function of # for the linear coefficient
of Th/U and a fourth order polynomial for the intercept
up to 1250 Ma, and then second order polynomials for
both quantities on the intervals 1250-3250 and 3250-
4521.28 Ma. Beyond the intersection of the 4 Ga
isochron with the abscissa, the segment ratios were re-
gressed against #; for the compositional range lying left
from the intersection with the isochron (Fig. 4), yielding
a linear or second order polynomial time-dependent func-
tions. The regressed coefficients (in electronic Appendix
4) are used to calculate the values of the fy and fyr, pro-
portionality functions at particular U/Th and #, values,
and the values of these functions are then replaced in
equation (2.11) to obtain the explicitly approximated age.
The precision of the approximation was checked for each
U/Th and ¢; value against the ages obtained by iteration
and found to lie below 0.005 Ma up to #,=800 Ma, pro-
gressively increasing to higher values.

The quality of the linear regression of the segment ra-
tio, as reflected in statistical parameters, tends to decrease
at higher #, ages (Fig. 6A); the statistics are more favour-
able for polynomial regressions of

(I-fym)/(1 'fUUTh) = f{U/Th),

with increasing polynomial grade. The procedure outlined
before was also used to regress each #,-dependent coeffi-
cient of U/Th for higher-order (up to 4) polynomial for-
mulations of fy,(#; U/Th). The residuals of the ages cal-
culated using the derived coefficients measured against
the iterated ages display a typical and constant pattern
(Fig. 6B), namely a distorted sinusoid in the logarithmic
plot, and record a coherent increase with ¢, (Fig. 6C).

Therefore at each ¢, age value the residuals allow a
consistent compensation procedure of #, which is a func-
tion of U/Th. For individual compositional domains on
each residual plot, the compensation factor ¢ can be ap-
proximated by continuous functions of U/Th, such as
polynomial or reciprocal functions of U/Th itself, or of its
logarithm. A noteworthy case is represented by a sinusoi-
dal function of the logarithm of the U/Th ratio suitable
for intermediate compositions,

¢ = asin[bIn(cU/Th)]+dU/Th+e,

(2.20)

(2.21)

where the a to e parameters adjust the amplitude, wave-
length, horizontal offset, tilt (used rather as an exception)
and vertical offset of the curve, respectively.

The choice of the polynomial order of fyr,(U/Th),
over t; domains to determine the uncorrected age values,
as well as the compensation function, represented a com-
promise between the simpler morphology of the age re-
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Fig. 6. The variation of statistical parameters and residuals for linear and up to 4™ grade polynomial regression of the segment ratio: A — the standard
error (o) variation vs. t1; in insets plots of the squared correlation coefficients (R?) of the regressions, B — the dependence of the residuals on the
order of the regression, C — variation of the residuals of a linear regression with the estimated t1 time, logarithmic plot.
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siduals derived from the linear regression and the lower
absolute values of those derived from higher-order poly-
nomials. In the example illustrated in Fig. 7A, in the
compositional range U/Th = 0.01-0.05, the compensation
of the residuals was handled according to a polynomial
curve

a;(U/Th)* + b,(U/Th) + ¢, (2.22)

applied to the age estimate using the linear segment
ratio function, in the range U/Th = 0.07-3 a sinusoid

assin[b;In(c;U/Th)]+d, (2.23)

was applied to the age estimate using the fourth-order
polynomial regression, and in the range U/Th = 4-10 a
polynomial curve

a3(U/Th)* + b;U/Th + ¢; (2.24)

was applied to the age estimate using the linear re-
gression. Because of the low number of compositional
points, and the greater interest embodied by the value of
the residuals in each point than the overall statistical fit,
the coefficients of the functions were derived at each ¢
value by mathematical programming rather than by re-
gression (Fig. 7B). The individual coefficients were au-
tomatically iterated until the alignment of the maximum
and minimum values in the graph (see Fig. 7B) on the
outer envelope of the residuals. The iteration consisted in
successive cycles of aligning more distant points of the
graph by modifying the higher order coefficients of the
equation, followed by aligning closer-spaced points or
equalization of the offsets between extreme points by

modifying lower-order coefficients. The number of
touching points in a graph equals the number of regulat-
ing parameters (coefficients of the particular equation)
plus one. The initial parameters used in the optimization
were set by forward extrapolation with increasing #. Such
an optimization was repeated at increasing ¢, ages as far
as the envelope of the residuals remained below 0.005
Ma, overstepping of this value being adjusted by changes
in the equations and/or compositional ranges. Thus an
U/Th-dependent compensation function was obtained at
each ¢; maintaining the explicit character and precision of
the age expression, which was followed by the formula-
tion and optimization of the compensation function over
t; intervals.

The variation of the equivalent coefficients a,-d; over
t, intervals allows itself to be fitted to second grade poly-
nomials, linear equations, exceptionally constants and in
one case a third degree polynomial over the entire # range
up to 4 Ga, on intervals of homogeneity of the previous
data optimization procedures. The method used was also
mathematical programming of the residuals, as exempli-
fied in Fig. 8.

The age values resulting from calculation with the de-
rived t;-dependent coefficients were checked in each
sampling point and their residuals were found to lie with-
in the 0.005 Ma envelope, as in the case of the previous
optimization of ¢ = f{U/Th) at each ¢, value.

All the derived parameters and formulae that employ
them were stored in electronic Appendix 4, allowing
calculation of the compensated radiometric ages . = + ¢
directly from the chemical composition up to 4 Ga, at a

t, = 2640 Ma ) t, = 2640 Ma 0.004
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Fig. 7. Plot of the residuals applying equation (2.11) for age calculation and a U/Th-dependent compensation at a particular t1 value: A — before
compensation, and choice of the correction functions (corr - linear approximation of the intersection ratio for U/Th<0.05 and U/Th=3, fourth order
polynomial for 0.07<U/Th<2) B - after compensation on discrete compositional intervals (second order polynomial of UTh, three parameters and four
intersections with the envelope of the residuals for U/Th<0.05 and U/Th=3; sinusoidal of logarithm, four parameters, five points on the envelope for
0.07<U/Th=0.5; second order reciprocal, three parameters, four points on the envelope for 0.7<U/Th<2).
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Fig. 8. Example of optimization of the time-dependent coefficients of the correction equation applied to calculated t values (on interval 2510-2800 Ma
and two U/Th domains): A - Plot of the variation of the coefficients of the correction equations of form a(U/Th)2+b(U/Th)+c. B — Optimization of the
coefficients as second order polynomial functions of t1 by mathematical programming of the residuals (three parameters, four contact points on the
envelope of the residuals); plot of the residuals and expression of the equations.

precision of 0.005 Ma, using an explicit formulation
which allows tracking of the error propagation throughout
all operations.

3. LIMITS, INTERPOLATIONS AND EXTRAPO-
LATIONS

Because the determination of the formulae and coeffi-
cients outlined herein relies on iterative determination in
discrete points and generalization of the derived parame-
ters, as well as different types of optimization for differ-
ent compositions and age domains, the problem of poten-
tial errors induced by sampling and boundary discontinui-
ties cannot be disregarded.

In order to minimize the effect of discontinuities, the
regressions of fy, f”yr, on each domain were calculated
including points from the adjacent intervals, in order to
ensure a smooth transition between domains. Inside the
domains, the essential variables plot along continuous,
smooth and well-defined curves, proving that the sam-
pling of the iterated input data was representative. An
exception to this general trend is represented by the varia-
tion of the residuals calculated with higher-order (3-4)
furn(U/Th),, functions, and corresponding age formula-
tions, which reveal poorly-resolved oscillations at very
low U/Th ratios (Fig. 6B, 7A). For these compositional
domains the segment ratio was approximated to the linear
or second-order polynomial expressions and associated
compensations were preferred. The optimization of the

coefficients of the #; polynomials representing the coeffi-
cients of the segment ratio functions may be extended at
lower t; ages, because the residuals tend to increase with
age, therefore the intervals for the calculation of the ages
were set open at the lower end and closed at the upper
end. The most likely source of interpolation errors re-
mains at the compositional boundaries where different
age equations and compensation formulae were em-
ployed. In such cases, the compensations at the ends of
the transition interval were interpolated normally if the
same segment ratio function (and consequently fyr, for-
mula) was employed, and in case of discordant bounda-
ries involving different formulations of fyr, and different
correction equations at the ends of the interval to be in-
terpolated, rather the corrected boundary values were
subject to interpolation. On that purpose, f um, #, and
corrections are calculated at both ends of the composi-
tional interval, and the result is linearly interpolated.

4. ESTIMATION OF THE ERRORS

The error propagation through all stages of the age
calculation and optimization was traced by quadratic
summation, a basic and widespread procedure (e. g. Bev-
ington and Robinson, 2003), applied stepwise for the
successively calculated quantities. All covariance terms
were considered to equal 0, an assumption also made by
Pyle et al. (2005) for the calculation of the standard devi-
ations of the elemental k-ratios, and implicitly accepted in
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2 2 2 2 2 2
o, =10"° o j 0'12,,,+[at1 o +(6t1] Gf,+ o, ol + o ol + o o’ 4.1
! OPb O0Th ou 02y 22 Olygs 2| Oy o

relevant literature (e. g. Lisowiec, 2006). The errors of X s
the counting ratios directly propagate in the computation o(fum)/a(fym) = 1/[(aty’ + bty + ety +
of element concentrations. The .input standard errors of d)/(U/Th)*+(et,® + fi, + g)/(U/Th)*+
the measured clements are derived from the counting y ) ) (4.5)
statistics during the microprobe analysis, recorded in the (hty”+ ity + /U/Th) (ke ™+ Ity +m)/(U/Th) +
output of the probe and assumed to be corrected for iden- nt*+ot +pt>+ gty +r,
tified up-stream systematic errors. Throughout the suc-
cessive steps of error calculation, though covariance — 1. 3, 4, 1424
cannot be explicitly formulated, the correlation of the a(fUTh)/a(tlz a tUUTh)s{“ntl 3[a/2(U/Th) olt
errors is accounted for during the recurrent emergence of 2[b/(U/Th)" + e/(U/Th)" + h/(U/Th)"+ k/(U/Th)+ (4.6)
some terms of the calculation and their associated errors. plti+c/(U/Thy* + fI(U/Th)* +i/(U/Thy> + [/(U/Th) + '

The standard error of #; expressed in Ma results by o )
propagating the elemental and decay-constant errors a3 [0Eum)/ oE v
through formula (2.9) and applying a proportionality
coefficient (4.1). A(fum)/0(UITh) = (1-fyr)[4(at,’ + bt +

The partial derivatives used in the formula are listed 5 2 4

+ + +ft+ +

in Appendix 2. For the U-Pb-only system the standard ch j)/(U/Th) 3(et13 /h zg)/(U/Th) 4.7)
error is calculated in a similar way starting from formula 2(hty" + ity +))/(U/Th)” + (kt, ™+ It +
(2.8). m)/(U/Th)A1[8(furm)/ 0(f )

The standard errors of f; and V1, which are formu- v v
lated as polynomial functions of #, are calculated from ) ) . .
the standard error of # by ignoring the comparatively The corresponding expresion of fyr, and its partial de-
neghglble errors of the polynomial coefficients: rivatives for all of the alternative formulations of the

U/Th- and ¢;-dependence of the segment ratio are given in

GfU = | 4Clt13 + 3bt12 + 26‘t1 + dl th. (42) Appendix 1.

Propagating the errors of the arguments through equa-

oym 1s calculated by propagating the standard errors of tion (2,11, t = f(fy, o, U/Th, 1)),

the two elements:

? Uy [&JQJZ +£ o ]202 +[7at To-z +
Cum =| 2L J{Zj o’ (4.3) oy ) "\t ) T \ewimhy) U
Th Th 2 2
a , (o) , (4.8)
. o, = — | o, + o, *+
The standard error of fyr, = f(fUUTh, t;, U/Th) is calcu- ot ' 04y, sz
lated by propagating the standard errors of the three vari- o V2 2
. . t 2 ot 2
ables through the appropriate expression of fyr,. For (6& J T s +(M J O
235 238

instance, given the fyy, equation using a fourth degree

polynomial of U/Th, and introducing proportionality factors to express the age

3 5 4 in Ma, the partial derivatives above are those given in
forn = 1-(-Eum)/[(at*+ bt*+ ety + d)(U/Th" + Appendix 3.pFor the U-Pb system the errors are p%opagat-
(et* + ft, +)/(U/Thy +(ht,’ + ity +)/(U/Th)’ + (4.4) ed instead through equation (2.10) in a similar manner.
(kt)2 + Ity + m)(UITh)+nt,* + ot + pt,2 + gt + 71, The standard errors of the # and U/Th — dependent
age corrections to be applied to the t values are also cal-
culated by quadratic summation

Wen)) g2 (i) 2, ; ;
a(fUUTh) o alt,) 1 PR L I S (R (4.9)
= ) (4.4) < Wewitwy) " o) '

[ a(fUTh) j o2

aw/Tn)) U

Jurn

where:

176



G. Sabau

In the case of corrections formulated as polynomial and
reciprocal functions of #, and U/Th the expression of the
partial derivatives is trivial; for the expression
¢ = poly(#))sin{pol,(#,)In[U/Thpols(¢,)]} +
p014(t1)U/Th + p015(t1)

(4.10)

the partial derivatives are

oc/ot, = [pol ()] sin {poly(e,)In[ U/ Thpols(£)] 1+
poli(#))cos{poly(t))In[U/Thpols(t1)]} -
{[poly(t))I’In[U/Thpols(t,)]+

poly(#)[pols(#)] /pols(#:) } +
[pola(#:)]"U/Th+[pols(#)]’

4.11)

and

0c/o(U/Th) =
poli(#)cos {poly(#)-In[pols(#,)U/Th]} -
pols(#,))/(U/Th) + poly(t,).

(4.12)

The value of the age error is derived by quadratic
summation of the errors of ¢# and ¢ over the continuity
intervals of both # and ¢ functions. In case # is formulated
by the same fyr, equation at the ends of a discontinuity
interval, the error is calculated by quadratic summation of
the error terms corresponding to ¢ and the interpolated ¢
function.

Across boundaries with both discontinuous fyy, and ¢
formulations, two ¢ values are calculated at the ends of
the interval (#, and #), and their compensation factors
(e and ¢)) and:

[Ej U 2_(2]
Th Th Th \Th
.=+ CI)M+(th +¢, )(UJ_[UIJ (4.13)
Th), \1h) ), \Th),
Because
U_(Uj (Uj U
Th \Th), 1 Th), Th ’ @.14)
(w) ) )
Th ), \Th), Th), \Th),
the expression above can be formulated:
[Ej U
Th Th
: [(th +Ch)_(t1 +¢ )] (4.15)

t,=(t, +c,)—
()7

and its error is estimated according to the formula:
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[EJ v
ol +ol +(ol +0l +0l +o?) % +
() ()
= , (4.16)
o2 (B +e) -t +c)
U/Th 2 ~ g
Th), \Th),
or alternatively:
2
v (Ej
Th \Th
0',2, +0'fl +(<7,2h +<7fh +6,2, +O'f]) Uil][
() (5
= ) 4.17)

2 (h+e)—(@+¢)
+0um U) (U
Th), \Th),
The estimation of the error over the interpolated in-
terval is more accurate using the boundary values closer

to the actual U/Th ratio, also resulting in a lower absolute
value.

5. ADDITIONAL ISSUES AND THE APPLICATION
OF THE METHOD

The correction functions and parameters derived by
the procedure outlined above account for the random
errors resulting from counting statistics, propagated from
analyses to the calculated ages. The element concentra-
tions are assumed to be accurate, as well as their standard
errors. Therefore, detailed precautions in the choice of
instrumental conditions and careful corrections are pre-
requisite to compensate for the mostly systematic errors
encountered during the measurement (instrumental drift,
matrix effect, background intensity, peak interferences).
By their nature, systematic errors cannot be analysed
statistically and need to be eliminated or corrected. A
detailed account of these effects is given in Jercinovic
and Williams (2005). As pointed out by Vlach (2010),
Jercinovic et al. (2008), the most appropriate values for
such corrections are machine-specific and have to be
based on a careful calibrations of the analytical device
and adequate use of standards. A partial exception to this
generalization is the effect of peak interferences, which
may be accounted for also after obtaining raw values of
the element concentrations, once matrix and background
issues have been addressed. The variation in the ampli-
tude and position of peak overlaps shows a non-linear
dependence on the instrumental conditions and element
concentrations (Jercinovic and Williams, 2005), moreo-
ver, the best-fit curves for the interference of Th-lines on
U and Pb do not pass through the origin of the correction
factor vs. Th concentration graph. It could therefore be of
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advantage to devise relatively simple correction factors
for specific analytical devices and mineral phases (e. g.
monazite of confined Th contents), based on suitable
standards, applied either on-line during the analysis, or on
the analytical results.

The above-described explicit age expression is based
on number of atoms, while the input data are primarily
measured as element concentrations, which need to be
converted in atomic concentrations or ratios by division
by the atomic masses. For naturally occurring U and Th
the atomic masses are known, but the atomic mass of Pb
is unknown as it depends on the age and the relative con-
centration of the parent nuclides. A solution to this draw-
back is iterative data handling, using as initial input an
approximation of the Pb atomic mass derived from the
first-order Maclaurin approximation of the age:

App = [Th-Ay35" Agospy,tU/138.88-
(137.88"Ap3g° AzospbtAn3s  Azorey) )/
[Th-2y30+U/138.88-(137.88 Aysgt Aass)]

(5.1)

and then reiterating the calculations with a more accurate
estimate obtained from the resulting age:

Ap, = {Th'Azospb(ew%BZt_ 1+
6
U/138.88[ A206p,-137.88-(e'” *238-1)+
106035t 100235t
A207py(e'? 2235 1)1}/ {Th- A2ospy- (€' 2325 1)+
U [(137.88¢' 238t 92351 /1 38 88-1)}

(5.2)

Practically the initial and the finally calculated atomic
masses come into coincidence in the second iteration.

After recalculation of element concentrations in atom-
ic concentrations a minor correction is required by the
bias exerted on the analytical values by cross-measuring
of the parent nuclides. Both ***U and >*"Th belong to the
decay series of ***U and have half-lives longer than 5-10*
years, needing to be subtracted from the total measured U
and Th because they do not represent parent isotopes.

The atomic masses used for conversion to atomic
concentrations are taken from Audi ez al. (2003) and the
isotopic bias is corrected using the isotopic abundances
and half-lives of Cheng et al. (2000). The isotopic bias
correction results in ages typically older by an order of
magnitude of 0.01% as compared to uncorrected values,
becoming relevant at high U concentrations and older
ages.

The calculation spreadsheet (Appendix 4, in Mi-
crosoft® Office Excel 2003 format) containing the pa-
rameters related to the explicit age equation has been set
up as a in order to allow both storage of the derived data
and actual calculation of mineral ages from microprobe
data. The formulas have been inserted in cells to allow
successive calculation of all the parameters discussed
above and also of all the corrections related to the con-
version of element concentrations and compositional
biases.
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A customized correction for peak interferences has
been inserted to account for the overlap of Y Ly and Th
MC on the PbMa line, and of bulk Th high-order lines on
UMSB. The values have been calibrated by Thomas Theye
(oral. comm.) for the Cameca SX100 microprobe in use
and specific instrumental conditions at the Institute of
Mineralogy and Geochemistry in Stuttgart. The correc-
tion can be disabled by setting the three mentioned fac-
tors to O if prior corrections already exist, or modified by
replacing the default values with other customized correc-
tion factors.

Regarding the output values of the explicit formula-
tion, the ages can be directly compared to those obtained
by iteration, while for the associated errors there are no
direct means of comparison. The age values disregarding
the isotopic bias corrections reproduce the values ob-
tained from iteration at the targeted precision level of
0.005 Ma up to 4 Ga; the corrected values coincide close-
ly, well inside the 1 ¢ interval.

The error estimates where checked against the few er-
ror sets determined by Monte Carlo simulation in litera-
ture (Lisowiec, 2006; Vlach, 2010 and personal comm.).
Compared to the 60 approximately coeval and homoge-
neous analyses of Lisowiec (2006), the age errors deter-
mined by error propagation in the explicit formula
amount a relative magnitude of 0.727, with a standard
deviation of 0.006. Compared to a set of 12 analyses of
Vlach (2010, written comm.), ranging from 300 Ma to
3 Ga, the relative magnitude is 0.89, with a standard
deviation of 0.14. The calculated errors return larger
values over interpolated intervals, typically by a few
percent more that of the boundary values for the interpo-
lation of both age values and corrections.

The method outlined here was devised to trace error
propagation in data-point analyses assuming realistic
estimates of the elemental errors. Its use in evaluating age
populations corresponds to the “top-down” approach of
Williams et al. (2006); nevertheless extending the statis-
tical treatment over entire populations is beyond the
scope of this paper, since the output data can be pro-
cessed with existing very popular and powerful software
(e. g. Ludwig, 1991 and more recent versions).
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APENDICES

Appendices 1-3 as well as the Appendix 4 — the calcu-
lation spreadsheet (in Microsoft® Office Excel 2003
format) are available in electronic version of this article at
http://dx.doi.org/10.2478/s13386-012-0007-3 as Supple-
mentary Material.
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